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Problem structure
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Population dynamics

Adaptive dynamics

ሶ𝑋𝑖 = 𝑓𝑖(𝑋𝑖 …𝑋𝑛)

ሶ𝑆𝑖 = 𝑔𝑖(𝑆𝑖 …𝑆𝑚)
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1. Ecological relationships

𝑏21

𝑏12
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Facultative-facultative mutualism

Obligate-facultative mutualism

1. Ecological relationships
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Commensalism
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𝑟2

𝑟1
Obligate-obligate mutualism
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1. Generalized model

Evolution
proportional to 
the population

Growth

Interaction with 
the environment

Interaction with itself 
and other populations

Limitation

Environmental saturation

“Occupied” interaction
with itself and other 

populations
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ሶ𝑋𝑖 = 𝑋𝑖 𝑟𝑖 +෍

𝑗=1

𝑛

𝑏𝑖𝑗𝑋𝑗 − 𝑎𝑖 + 𝑐𝑖෍

𝑗=1

𝑛

𝑏𝑖𝑗𝑋𝑗 𝑋𝑖



Evolutionary transitions

Ontogenetic transitions

1. Ecological transitions
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Evolutionary transitions

Seasonal transitions 
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2. Evolution and natural selection
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Allopatric speciation Sympatric speciation

ሶ𝑋𝑖[𝑠, 𝑡] = 𝑋𝑖 𝑠, 𝑡 𝑓𝑖[𝑠, 𝑡]

Population:

Parameter related to a 
physiological trait: 𝑠𝑖

ሶ𝑋𝑗[𝑠
′, 𝑡] = 𝑋𝑗 𝑠

′, 𝑡 𝑓𝑗[𝑠
′, 𝑡]

Population + mutant:

Parameter that changes as 
its physiology mutates: 𝑠𝑗

′

ሶ𝑋𝑖[𝑠, 𝑡] = 𝑋𝑖 𝑠, 𝑡 𝑓𝑖[𝑠, 𝑡]



ሶ𝑠𝑖 =
1

2
𝜇𝑖 𝑠𝑖 𝜎𝑖

2 𝑠𝑖 𝑋0𝑖 𝑠 𝜕𝑖
′ ҧ𝑓𝑖[𝑠𝑖 , 𝑠]

2. Adaptive dynamics

• Master equation of adaptive dynamics:

Mutation

Mutation rate of parameter 
si per birth and per unit of 
time

Variance of the mutation 
distribution of parameter si

Stationary population i at 
ecological equilibrium

Selection

Differential of fitness of 
population i with respect 
to parameter si

Dynamics of parameter 
si of population i
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2. Evolutionary model
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• Trade-off between the interspecific interaction b
and the interaction with the environment r

ሶ𝑋𝑖 = 𝑋𝑖 𝑟𝑖 +෍

𝑗=1

𝑛

𝑏𝑖𝑗𝑋𝑗 − 𝑎𝑖 + 𝑐𝑖෍

𝑗=1

𝑛

𝑏𝑖𝑗𝑋𝑗 𝑋𝑖



2. Evolutionary model
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• Trade-off between the interspecific interaction b
and the interaction with the environment r

ሶ𝑋𝑖 = 𝑋𝑖 𝑟𝑖 +෍

𝑗=1

𝑛

𝑏𝑖𝑗𝑋𝑗 − 𝑎𝑖 + 𝑐𝑖෍

𝑗=1

𝑛

𝑏𝑖𝑗𝑋𝑗 𝑋𝑖
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2. Microbial model
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We introduce 
three additional 
parameters:

or production 
rate of mij

or production 
rate of l i

𝛼

𝛽

or efficiency rate 
(0 < 𝛼 < 𝛾)

𝛾



2. Microbial model
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• We write the interspecific interaction b and the interaction with the 
environment r as a function of the evolutionary parameters:

𝑟𝑖 =
𝑟0𝑖𝜖

1 − 𝛼2
1 − (𝛼 + 𝛽) − 𝛼2 𝑛𝑖 − 𝛼(𝛼 + 𝛽)𝑛𝑗

𝑏𝑖𝑗 =
𝑏0𝑖𝜖

1 − 𝛼2
𝛼2𝑛𝑖 + 𝛼𝑛𝑗 − 1 − 𝛼2 𝑞

• And we use the master equation to determine how these 
parameters evolve over time:

ሶ𝑠𝑖 =
1

2
𝜇𝑖 𝑠𝑖 𝜎𝑖

2 𝑠𝑖 𝑋0𝑖 𝑠 𝜕𝑖
′ ҧ𝑓𝑖[𝑠𝑖 , 𝑠]



3. Ecological transitions
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r0=1, b0=0.01 r0=1, b0=0.001

r0=0.1, b0=0.01 r0=0.1, b0=0.001



3. Ecological transitions

14

Simulation: a preyed-
upon population becomes 

a facultative mutualistic 
partner of its predator, 

and later an obligate one.

Ecological case: ants and 
aphids (among others).
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3. Ecological transitions
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Simulation: mutualistic 
populations, where one 

starts being preyed upon and 
later becomes a facultative 
mutualist, while the other 

becomes obligate.

Ecological case: Attini ants 
and fungi.
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3. Ecological transitions
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Simulation: competing 
populations that eventually 

become mutualistic, until 
each depends obligately on 

the other.

Ecological case: Escherichia
coli and Salmonella enterica.

[1] 



Conclusions

• Transitions between ecological interactions can be 
simulated using a general population dynamics 
model, through an evolutionary mechanism of 
adaptive dynamics.

• Using a «toy model» makes it possible to replicate 
ecological transitions found in nature, including 
those with more than one transition.

• Transitions arise through a coevolutionary process, 
in which the population subject to predation is 
usually the one that undergoes the greatest changes 
in its dynamics.
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