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Motivation
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MEMS and NDT

MOTIVATION [
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analytical/ Fourier series solution of dynamic impact problems
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e numerical solution with no no spurious oscillation, dissipation of energy

optimal design of flexible structures, distributed sensors and actuators

inverse problems/ dynamic control for vibration suppression
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Motivation
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Sensors and actuators

o MEMS-based sensors and actuators
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Motivation
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Cell indentation

e Cell stiffness measured by lateral indentation

A B C
<«
60 rctractloq>
— 40 Frse
; Z& 20 #
t, 8 K
X S -20 contact point
L 40 /K (cell stiffness)
60 approach

-10 -05 00 05 10 15 20

—be‘_ Bead position [um]

https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0231606

lems 14th ECMTB MS14 16.


https://journals.plos.org/plosone/article?id=10.1371/journal.pone.0231606

Motivation
[e]e]e] o}

AFM

o Atomic force microscope
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Outline

OUTLINE I

© Motivation

© Impact problems with discontinuous velocity
Primal-dual variational formulation
Semi-smooth Newton method

Space-time (ST) approximation
Primal-dual active-set (PDAS) algorithm

© Analytical and numerical solution of 1D benchmark
e Elastic bar impact against rigid obstacle
e Bar bouncing in gravity field
e Control in the oscillating system for vibration reduction

© Conclusion /References
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Impact problem
0

Example of multiple solutions

IMPACT PROBLEMS WITH DISCONTINUOUS VELOCITY |

) — t
’UTO ! } e < 1 (inelastic collision)
HL-- O H 3 3 e =1 (perfectly elastic)
x v ! ! e > 1 (superelastic)

Trajectory @ = u(t) of point mass colliding obstacle x = 0 at time 7 = H /vy
ue(t) = A(t), 0<wu(t) LA({#) <0 fort>0
{u(O) =H, w(0)=—v
has multiple solutions with arbitrary rebound time r > 7 and speed v1:
u(t) = —vo(t — 1), A(t)=0 forte(0,7)
u(t) =0, A(t)=0 forte(rr)
u(t) = v (t —r), At)y=0 fort>r

the only restitution coefficient e := Z—(l) =1 at r = 7 conserves kinetic energy
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Impact problem
oce

Longitudinal impact problem

LONGITUDINAL IMPACT PROBLEM |

Elastic bar of length L and wave speed ¢ = ,/ % colliding rigid obstacle (x = 0)

, ¢ , displacement u(t, x), 1D wave equation
P vo u ?
1ol ~-- > x uy — Augy = —p for (t,z) € Q (I)J
up(0) L+ uo(L) —up(0) in rectangle @ := (0,7) x (0, L)

under axial deformation ¢ = u, due to either/or/both
o initial deformation ug(L) — ug(0) # 0 (Dirichlet)
e initial speed vy (Neumann)
e conservative force p

subject to initial and boundary conditions:

u=uy, U =-—-vgast=0
u = 0 (Dirichlet) or u, = 0 (Neumann) as x = L (2)
0<ulXi=c*u, <0onT:={x=0}
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Impact problem
o

Primal-dual variational formulation

e Problem (1)-(2) by Petrov—Galerkin method: find solution in trial space
u—ug € Vo := L*(0,T; H'(0, L)) N {v € H'(0,T; L*(0, L)), v(0, -) = 0}
and \ € L?(T") validating primal-dual variational equations:

0<ulA<0onT (u=0asz=L for Dirichlet)

2 L (3)
/ (—ugvy + c“uzvy, + po) dadt + / UOU’t:O der = —/ v dt
Q 0 r

for all functions from test space (v = 0 as x = L for Dirichlet)
v—u € Vi :=L*0,T; H(0,L)) N {v € H'(0,T;L*(0, L)), v(T, -) = 0}
lack of regularity: A € H~1/2(T)

e Reducing A variational inequality: find v — ug € Vp, such that u >0 on I’

L
/Q(—ut(vt — ) + ACugy(vp — uy) + plv — u)) dadt +/O vo(v|t:O —ug)dz >0 J

for all test functions v — u € Vo such that v > 0 on I
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Impact problem
[ ]

Semi-smooth Newton method

Complementarity conditions can be expressed by merit function
0<u Ll A<0<= M(2)=0, z:=(u,A)

AYA +u for arbitrary constant v > 0 min-based merit function
M (z) := min(u, —yA) = min(yA + u,0) — yA

which is non-smooth at z =0

M(z) =1, M;(z)= if Y\ +u <0
M!i(2) =0, Mi(z)=—y ifyA+u>0

M has the generalized derivative in finite dimensions:

1M (2" + h) — M (%) — (M, M) (2" + h) - hllgny = o(||hllz~)
and in infinite dimensional spaces with gap 1 < p < ¢:*

M (2% + h) — M(2*) — (M}, M})(z* + h) - h||Lr = o(||]|£4)

M. Hintermiiller, K. Ito, K. Kunisch, The primal-dual active set strategy as a semismooth
Newton method, STAM J. Optimiz. 13 (2006) 865-888
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Impact problem
L]

Space-time (ST) approximation

SPACE-TIME (ST) APPROXIMATION J

e Piece-wise polynomials on triangular meshes 73, in space-time FE space
"= {v, € C(Q), vy € P1(K) for K € Ty} € H'(Q)
its trial and test function sub—spaces (v, =0as x = L for Dirichlet)-

= {vh evh, = 0} Vh’ = {vh € VL, vp(T, - ) = O}

spanned by nodal basis {gbh} and ¢, at t,, =mh, h=21 on T =UM_ T,
o Approximate (3) using primal-dual active/inactive set formalism

up, =0 on Aj, 1= {UTm D YA+ %(uh(tm_l,O) -+ uh(tm,O)) < 0}
A =0o0nZ, := {UTm DY Am + %(uh(tm_l,()) + uh(tm,())) > O}

L
Tm = / (7Uht¢mt I CQUthSmm aF p(bm) dxdt + / UO¢7n5mO dx (4)
Q 0
=2(Am +Amy1)h form=0,...,M -1

L
/ (_uht¢ht + CQUhx¢hI +p¢h) dzxdt = _/ U0¢h|t:0 dz vd)h 7é ¢m
Q 0

for hyperbolic equations, no M-property, even no P-property!
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Impact problem
[ ]

Space-time primal-dual active-set (ST-PDAS) algorithm
1: Initialize A? = () and Z? = [0, T]; set iteration number k = 0
2: Find solution uﬁ — Uugp € Vo}i to the linear system

k k ko k
ug =0 on Ay, wuy, =0 onZy

L
/ (—untdne + Cunedne + pon) drdt + / v0¢h|t:0 dz =0
0 0

for all basis functions ¢y, E VI with ¢, =0 on I’
3: Determine residuals r¥ = {rm} and multipliers \F = {)\ } from recursion

7’51 = / (_Uht¢mt + C2Umx¢hx + g¢m) dxdt — / Vo PmOmo d
Q 0
A =0, X =2rF ) form=0,..., M-1
4: Update active/inactive sets
¥ (tm—1,0) + uZ(tm,O)) < tol},

It = {UTy : yAE + 2 (uf
AF or cycling then STOP; else set k = k + 1 and go to 2

. k1l _
5: If A" = A
14th ECMTB MS14 16.07.202611 / 19

.AZH = {UTm g 'y)\k (uh _
F(tm—1,0) + uf (tm,0)) > tol}
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Elastic bar impact against rigid obstacle

ANALYTICAL AND NUMERICAL SOLUTION OF 1D BENCHMARK [

z bar initial speed vy, length L, height H

L+H V impact time 7 := £ [ := L wave speed ¢

vo ? c?

‘ U — Uy =0 in Q= (0,7) x (0,L)

)

i A u=H, wu;=-v9 ast=0
HY @ Uy =0 asz =1L

0

; 0<ulAiA=c?u, <0 asz=0

I

I

I

|

0\ I
T+ T+ 21 T

bar position x + u(t, ), analytical piece-wise linear solution for vy < ¢

displacement u(t,z) : vg  velocity u:(t, x) : vg strain wu, (¢, x) : vg
z T4+1 I T4+1 : T+1
L 7 L 7 L

S 't — 7 — o]l 1 | 1 0 | 0
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(a) undeformed domain

(b) deformed domain
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ST-PDAS convergence over uniform triangular mesh
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Solution
[e]e] J

(c) energy error (%) order 1.5

(b) energy E(t)
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features of ST-PDAS solution:

algorithm converges in few iterates

("]

Victor

numerical and exact solutions coincide on nodes (~ 10714)

solution has no oscillation

energy has no dissipation

speed of convergence is super-linear
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Solution
e0

Bar bouncing in gravity field

BAR BOUNCING IN GRAVITY FIELD

x ; i
field p, impact time 7 := V3 +2pH—vo

P
g — CUgy = —p in (0,T) x (0, L)

‘l u=H, wu=-v9 ast=0
H p
V0 @ : Uz:() as x = L
¢ _ .2 _
o] T el raal p 0<ulAA=cu, <0 asxz=0

bar position x + u(t, z), generalized D’Alembert formula u(t,x) =
@ H —vgt — 5t? = (1 —t) (vo + §(7 + 1)) in Iy
plm=etzn) 2h e = el o7 (1 —1)(vo +p7’) +pn(t,x) in I
—(vo +p7) % +pn(t,z) in 4
(vo +p7)(t —7 —20) + pn(t,x) in I
b (vo+pr)(t—7—20) = B(t— 7 —21)?

. —c(vo + pt) on Aq
if vo + pT = \J/v¢ + 2pH > 2pl tpx(tz) in ks, A) = Oelse on T'\ Ay

0 T T+1 T4+ 21 T
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Solution

Mo
(o] J

Vibrations
e double Fourier series for clamped bar vibrations of period 4w

00
n(t,x) — % (cosunc(tf;%fl) s.inl/nm7 v, = %(n _ %)
n=1 .
Net — C2Npgy = —%ZSHL’:"” =—lasteR,z=1L
"o
n=0, nx:_%zcoswif*)—l:t—%asx:o
n=1
n=0, m=0ast=71; n,=0asx=1L
4

e double Fourier series for free bar vibrations of period 27
212 . Tn
L

_ 4 cos iy, (c(t— T) 2L) cos pnx
T 32 Hn 2=

x(t, @) :
n=1
Xtt — CXee =0ast €R, x € (0,L)
$7L2 xt=0ast=7+2l; x,=0asx=0,L

X_ 9
x:(t—r—(2k+1)l)2—12fort—7€21(k,k+1) asz=0 (keN)
4
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Solution
o
Control in the oscillating

tem for vibration reduction

CONTROL IN THE OSCILLATING SYSTEM FOR VIBRATION REDUCTION
Under step-wise loading

for t € (0,7
p(t) =" (©.7)
0 forte(r,T)

non-oscillatory solution to the impact problem given analytically u(t,x) =

2+ L H—Uot—gt2 inI(]
(t—1t)(vo+pr)in I
—(vo +p7)% in Ay
H
" @
0‘ +
1
2

S €—
TSNS

. (vo+pr)(t—7—20)in I3 U I3

—c(vo + pr) on A;
1 1) =
8 ®) 0 else on T'\ Ay
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Conclusion

CONCLUSION [

e Motivation stemming from elastodynamic contact problems with
non-smooth velocities, which are stated in a weak variational form

o Implementing by space-time (ST) finite-element approximation and
primal-dual active set (PDAS) method of semi-smooth Newton type

e 1D benchmark modeling and constructing explicit solutions for axial
impact of an elastic bar against a rigid obstacle

e Numerical ST-PDAS experiments on uniform triangulations yielding high
accuracy, no oscillation, no dissipation, super-linear convergence

e Inverse problems to control oscillations and suppress vibrations

o Challenging 2D /3D analysis
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